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1 Introduction 4 NGD for Gaussian with Flexible Covariance Structures

Natural-gradient descent (NGD) on structured parameter spaces is computationally challenging.

Notations:
We propose a flexible and efficient NGD method to incorporate structures. Our NGD method GLP*P: Invertible Matrices (General Linear Group), DP*P: Diagonal Matrices, DP*P: Diagonal Invertible Matrices (Diagonal Matrix Group).
» generalizes the exponential natural evolutionary strategy SPP: Positive-definite Matrices, SP*P: Symmetric Matrices.
» recovers existing Newton-like algorithms
» yields new structured second-order algorithms and structured adaptive-gradient methods Example : Auxiliary space: Byp(k), a block upper-triangular sub-group of GLP*?; More flexible groups:
» gives new NGD to learn structured covariances of Gaussian, Wishart and their mixtures dp = p — K.
Applications: i i
(1) deep learning (adaptive-gradient), (2) non-convex optimization (structured 2nd-order), Buo(k) := { BaBs B, c GLK Bp e Diofdo},
(3) evolution strategies (gradient-free), (4) variational inference (Monte Carlo (MC) gradient, multimodal density). 0 Bp
When k = 0, Byp(k) = D}F. When k = p, Byp(k) = GLP*P. (a) Lower-triangular (b) Hierarchical (c) Conjugation

2 NGD for Optimization, Inference, and Search

Local space: M (k).

A unified view: optimization over a parametric family g(w|r): Mug(K) = { 'I\:I)A II:nllg' M, € S6 M, e Ddono} Q . - .
Min £(7) := Eqwi [L(W v [log g(w . ' N
reQ, (7) = Eqtwir) W) 7Eq(wir) 110G G(W|T) Global, Auxiliary, and Local parameterizations: W, A
where w is the decision variable, /(w) is a loss function, Q. is the parameter space of g, and v > 01IS a constant. o {M crP,.S=BB' € SPIB ¢ Bup(k)} A={pecrl,Bc Bylk)},n=1{0cr’ Mc My(k)}.
GD and Standard NGD: GD: 7,1 < 7 — oV L(T), Standard NGD: 7.1 < 7 — 8 [F-(74)]  V_-L(7T |
S A7) i1 4= 7= 0 Bl L) Maps v, ¢, : see Block 3. xyp(X) extracts non-zero entries of M,(k) from X. A Kronecker product group
Advantages of NGD: - - L ll) Structured NGD with local terizati
(1) recovers a Newton-like update for Gaqs&an g with mean p and precision S , Structured NGD @ ;. ¢ < po; — 63,‘19 .o Btr1 < Bih (ﬁcup ® mup(ZBfgztBt_T)) ) S Wit IOGE] PATEETETeation
Standard NGD: py, ¢ < py — 8S; Eqwir) [V wl(W)], Sti1 < (1= B7)St + Begwir [VWZ(W)] W Global Auxiliary Local
(2) less sensitive to parameter transforms than GD T=2 (N A=A - NG =M
3) converaes faster than GD () Parameterization with singular FIM _ . 1 old
(5 : > uuTg Diag(d?) * where © is the elementwise product , ryp(X) € Myp(k) and Cyp = 2’ .| € Mup(K). . .
Challenges of Standard NGD: E— 03l L L
(1) NGD could violate parameterization constraint I ) Lemma 2: Property of Myp(k) .. ..
(2) gingular F”\/l.FT(T) of g(w|7) | h(M) € Byp(k) for any M € M, ,(k). PSD Matrix  Invertible matrix.  Unconstrained
(3) limited covariance structures forank Piagonal with FIM non but can have  matrix, FIM non-
(4) ad-hoc approximations for cost reductions 1 [05 0005 00 | | Our method: SYstemic approach to incorporate structures ik kiU As'nngr:l)
(5) COmpllCated, inefficient NG computation 0 0 8 (.“«-, 8 g ] " obtain exact, non_singu|ar FIMs Thew — w O ¢Aold ( — /BI dn, o | )
1 0 0 ”(i»" 0.5 0 NatGrad
0

() () 0 0.5

5 Applications

3 NGD using Local Parameterizations

Structured 2nd-order Methods for Non-convex Opt Structured Adaptive-gradient Methods for DL Variational Inference (VI) with Gaussian Mixtures
Global parameterization: The original (‘global’) parameterization = for g(w/|7) Given an optimization problem A block-diagonal Gaussian g(w|7) = []; g(w'|i/, S"). Structured multimodal mixture: g(w|7)=+S"_; g(W]|ztx, Sk)
Auxiliary parameterization: A n‘ew a,uxmary par.am.eterlzatlon A with a surjective map: 7 = P(A). | mkrg f(p), (1) Kronecker product group: i-th layer, g(w'|p’, S") NGV for structured Gaussian mixtures with MC gradients
Local parameterization: A local’ parameterization # for A at a current value A; with a local map: A = qb)\t(n). we formulate a new problem over Gaussian g(w|7) Adaptive-gradient updates with a structural invariance: - - ST - - -
P "y, is tight at Ai: Ar = ¢y (1) (We assume 7, = 0) b ptive-gr ) P v the G N Ay First 8 marginal distributions of a mixture approximation to a
(h ”;lg Eqwlr) [L(W)] + Eqw|r) [lOg g(W|T)], (2) approximating Vi, (p) by the Gauss-Newton in (4). 80-dim mixture of Student’s t distributions:
Our NGD: A ( — 3@ ) : A TR - T .
t ur ti1 = O\ Mo = BGny ) Tt = P (Arp1) Use our structured NGD to solve (2) as Time complexity: | ~ Block upper-triangular group (k =9)
where g,f?g is the natural-gradient at n, tied to \;, which is computed by the chain rule, B L O(kp) for triangular, O((k1 + kz2)p) for Heisenberg. Dim1 Dim? Dim3 Dim4
A (1) . - - Kt € Bt = 03¢ 9, Brs = Beh (BC“'O © #up(2B; 05 By )) Easy to parallelize, no sequential conjugate-grad steps o] | e
9, = Ful10) Vg (%0 da(m)] Vo L(T)|. Fymo) is the (exact) FIM for ng tied to A, Obtain an update to solve (1) with a structural invariance: | i
Full Gaussian qg: with mean 7! and precision S — y 1 1 Kronecker product of Iower-triangular groups fora CNN 0.4 0.6 1 | o
s : : _ “’H—'I <— l'l’t — ﬁst V“tf( ), CIFAR-10 STL-10 03 B 0.4 0a-
Global, Auxiliary, and Local parameterizations: (3) :
T={p er’,Se S} A={pn erP,B e GLP*P} n={3§ € rP,M € SP*P Bt = Brh[5Cyp © | l h u
D f h M7 I —:\l_n ’1M2 M | | | by USIng gut ~ vutf(u) aﬂd gzt ~ %[Vitg(llz) — St} . (4) 370‘ _ 6o- 0.0 1 | . . | 00 | | | 0.0 | . 0.047— . . |
e Ine : — ] a S : : ] _ 860 8 -10 0 10 20 -20 -10 0 10 -20 -10 0 -10 0 10 20
(M) LI PS ¥, P, . Time complexity: % %50_ - Dim5 DIM6 Dim7 Dim8
{H} — 1h(N) = { MT} | {M} — b, (1) = {ut + By 5} | O(k?p) for triangular, O((k? + k5)p) for Heisenberg. "o e Trilow (k=5) Fm e Trilow (k=5) | | True
S BB B " B:h(M) Implementation: Hessian-vector products (HVPs); " e oy =1 o Trow kb || T s
Tractable natural-gradient at g = {80, Mg} tied to A = {p,, B;}: Off-diagonal: k HVPs (triangular), k1 + k2 HVPs (Heisenberg); b mmadam e mmmadam e
(1) @f;t) l, 0\~ B g Diagonal: compute/approximate diagonal entries of V& /() T Ceeconds T Yeconas T e
9 = ( N ) = ( ) { IS } 200-dim non-separable non-convex functions H |
70 VeC(gﬁ)o) 0 2|P2 V€C(—2Bt 1gztBt T) Dixon-Pricep Rosenbrock . . O:OO_ .

s Tri-low (K= 1) ~10 0 10 -20 -10 O 10 20 -20 -10 O 10 20 20 -10 0 10

9, = V,.L(T) = eg[Vwl(W)], G5 = Vs1L(T) = 55q| Vi l(W)] — 3S

—» OurNGD 103 Tri-up (k=1) 107 - _
L » L e Hsup (ki=ko=1) |  os Group Structural Invariance
——p» Standard NGD Our NGD : M4 < My — 6Bt Bt th’ Bt_|_1 — Bth (6Bt thBt ) . = Hs-low (k; =k, =1) - .
_ o 1 s Adl@m "] e Triclow (k = 1) Lemma 3: Group Structural Invariance
. _ Q 10122- mmmm BFGS Q 10713 - in — . . .
| | Lemma 1: Update on S; 1 = B4, 1By, ; 1= Ilrs'ﬂpgl’z I 1 If B € Byp(k), the update in (3) is invariant under any (group)
Standard NGD is a special case of our NGD. standard NGD on S 10 10 Ptk =l T .
- —_————— 57 B | == Hslow (ki=k;=1) transform R’ € By(k) of (1) such as min, .z /(RY).
Gaussian case: 2 —1 3 19 10 up yER y
' o Sii1 = (1 — 57)51‘ - 6Eq(w\7-t) [VWZ(W)} ‘|‘?Gtst Gt"‘o(ﬁ ) .- U R Adam
» B: (closed) matrix Lie group —_— T BFGS s LN
- Wi retraction (I) 2_"|'>O 5(I)O 7EI'>O 1OIOO 12|50 15IOO 17|50 20I00 (I) 560 1OIOO 15I00 20|00 25IOO
» M: Lie Sub—algebra _ Gt = Eq(w|r) [V%VZ(W)] o VSt _ lterations lterations




